
 

7.3 Improper Integrals
In this paragraph we consider integration
domains which are infinite or finite
integration domains where the integrand
is not bounded In some of these eases

the integral still can be defined and is
called an improper integral
Case I one of the integration boundaries

is infinite
Definition 7.8
Let f la as IR be a function which is

integrable over the interval Ca R a chaos

If the limit

kiss fix dx
exists the integral If dx is called convergen

and one sets
off d plies Iaf ok



Analogously one defines the integral If dx for a
function f C a a R

Example 7 10

The integral f dfs converges for s 1

We have

IDEs Is xs.tl s.tf 1
As Lim

R as
O we have

offs for Ssl

On the other hand d does not

converge for s e l For example for 5 1
dye log R as R a

Case II The integrand is not defined at one

of the integration borders
Definition 7.9
Yet f Ca b R be a function which is



Riemann integrable over every interval late b
o E a b a If the limitb

cliff ffCx dx
ate

exists the integral fCx7dx is called conoergen
and one sets

ft dx being G Dx

Example 7 Il

The integral converges for s l We have

s 1 i i s

As figg et s o we get

toffs for sci

On the other hand one shows

dfs does not converge for s 1

Case II Both integration borders are critical



Definition 710
Let f Ca b IR a e IR Uf a b c IRUfos be
Riemann integrable over every compact
sub interval a p c ca b and let ceca b
be arbitrary If the two improper integrals

If dx Lisa ftidx
d
g f dx sling fHd

converge the integral Ibf dx is called

convergent and one sets

fHdx Iaftddx fix Dx

Note This definition is independent from
the choice of ceca b

Example 7 12

i The integral d diverges for every se R



ii The integral I converges

I fit Eso fi tEsiIt
bingo arcs in f It c thing arcs inG e

f IT Is IT

Iii The integral also converges

I DIE him I d tE f

Ling arctantRItalingard au CR

E Is IT

Proposition 7.16

Let f I as Re be a monotonically
decreasing function Then

Eflu converges fG7dx converges



Proofi
we define step functions 4 4 11 a R

through
X G i flu
467 i flu

for h E x ant 1

As f is monotonically decreasing we have

4 e f E 4
Yn

4

I
4 l l

l l t

i i
ti

I i i i
I
I 2 3 Y 5 6 7 8 9

Integrating over the interval G N thengives

flu 41 7 dx E fG dx e f dx GI



If ffHdx converges the sequence Lfcn
is bounded so convergent On the other hand

if flu is a convergent sequence then

it follows that fCx7dx is monotonically

increasing and bounded for R as

thus bounded

Example 7.13
i From Ex 7 10 namely the convergence
of dfs for ssl it follows that the

sequence Ey is convergent for Ssl
and divergent for set

This way one obtains

G i tns Ssl

which is called Riemann's zeta function
ii As off logN the sum II th
grows approximately as fast car slow



as log N to More precisely
there exists a constant recoil sit

F Eisa Ent eogN
Proof
Prop 7.16 gives for N I

Eat I dig log Me In

E K Eat logN E l

d

rue rn I d Ift dx o

Ny is monotonically decreasing and

bounded from below by 0
Thus the limit

finer Eas IE'T logN
exists

I



Remark 7 7
One can rewrite the above also as follows

I logN 8 041 for N as

The number y is called Euler Mascheroni

constant and its numerical value is

y 0 57721566

It is not known whether y is rational

irrational or even transcendental


